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ABSTRACT 
The semigroup version of Lie’s Third Fundamental Theorem asserts that each strictly positive 
cone and each finite-dimensional Lie wedge is a tangent wedge of some local semigroup. This paper 
investigates the question whether this local semigroup can be embedded into a global topological 
semigroup in such a fashion that the embedding preserves all existing products and its image is 
open. In the case of a strictly positive cone (in particular a finite-dimensional pointed cone) this 
question will be answered affirmatively. This result contrasts the situation of open embeddings into 
global subsemigroups of Lie groups, where counterexamples even in low-dimensional Lie groups 
occur. In the finite-dimensional case a homotopy-like congruence on the semigroup of conal curves 
induces a quotient semigroup (called conal path semigroup) which also solves the topological em- 
bedding problem. 
1. INTRODUCTION 
Within the Lie theory of semigroups the concept of globality of Lie wedges 
plays an important role. This paper deals with some topological aspects of 
globality which will be discussed as soon as the necessary background material 
has been presented. Unless otherwise stated terminology and notation will be 
in accordance with the monograph of Hilgert, Hofmann and Lawson [9] which 
also provides an excellent description of many related aspects. 
*The results of this note are contained in the author’s doctoral dissertation written at TH Darmstadt, 
FRG, under Prof. K.H. Hofmann. 
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Recall that a Dynkin algebra is a completely normable real Lie algebra L with 
continuous Lie bracket operation and a subset W of L is a wedge if the fol- 
lowing conditions are satisfied: 
(1) W+W= W, R’W=W and cl,W= W. 
The notation (W, L) will be used occasionally and we refer to a wedge also as 
a cone. The subset H(W) = W n (-W) is the edge of the wedge and a pointed 
cone is a wedge C in L with H(C) = (0). A pointed cone C in L is strictly 
positive whenever there exists a continuous linear functional 9 on L with the 
following properties: 
(2) 9(x) > 0 for all x E C \ { 0} 
(3) 9-‘(l) fl C is bounded. 
In this case 9 is a C-strictly positive functional and there exists a norm 11 . /I on 
L compatible with the topology such that //x(1 =9(x) for all XE C. Any such 
norm is obviously C-additive, i.e. Ilx+yll = llxl/ + II yll for all elements x, y of C. 
As a consequence of the Hahn-Banach Theorem each finite-dimensional 
pointed cone in L is strictly positive. If a wedge W in L satisfies the relations 
(4) eadx W= W for all xeH(W), 
it is called a Lie wedge. Obviously every pointed cone is a Lie wedge and in 
[9, Chapter II-III] various classes of Lie wedges are investigated. A morphism 
of Lie wedges f: (W,,L,)+ (W,,L,) is a continuous Lie algebra homomor- 
phism f: L, + L, satisfying f(W,) c W2. The symbol LieWed designates the 
category of Lie wedges and morphisms and FLieCone the full subcategory of 
pointed cones in finite-dimensional Lie algebras. 
A subsemigroup A of a real Lie group G containing the identity element 1 
of G is called Lie semigroup and is sometimes denoted by (A, G). If UC_ G is 
an open l-neighborhood and S c U, then S (or the pair (S, U)) is called local 
Lie semigroup if the conditions 
(5) 1~s and SSnUcS 
are satisfied. A local semigroup (S,B) in a Dynkin algebra L consists of a 
Baker-Cambell-Hausdorff-(BCH-)neighborhood B of L with BCH-multiplica- 
tion * and a subset S of B satisfying 
(6) OES and S*SflBcS. 
A morphism of local (Lie) semigroups f: (S,, B,) + (S,, B,) is an analytic map 
f: B, + B2 satisfying f(S,) c S, which is also a local homomorphism, i.e. 
f(O)=0 (orf(l)=l) and x,y,xy~B~ * f(xy)=f(x)f(y)EB2. If A is a subset 
of some Dynkin algebra L with 0 EA (or 1 EA C_ G for some Lie group G), then 
the set of all subtangent vectors of A at the point 0 EL (or 1 E G) is denoted 
by L(A). It is well known that the tangent wedge 
(7) L(SB) = (L(S),L) or L(SB) = (L(S), L(G)) 
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of a local (Lie) semigroup (S,B) in L (or G) is always a Lie wedge and each 
morphism f of local (Lie) semigroups induces a morphism L(f) = df(0) of Lie 
wedges. Every Lie wedge (W, L) arising as the tangent wedge of a global Lie 
semigroup is called analytically global. Hilgert, Hofmann and Lawson have 
shown that each strictly positive cone and each finite-dimensional Lie wedge 
occurs as the tangent wedge of some local semigroup (cf. [8]-[ll], [13]). How- 
ever there exist even finite-dimensional pointed cones which are not analytically 
global for example in the 3-dimensional Heisenberg algebra [9]. K.H. Hofmann 
has put the question whether each Lie wedge (W, L) is topologically global, that 
is to say there exist a local semigroup (S,B) in L with W= L(S) and an open 
embedding e: S + T into a global topological semigroup T preserving all pro- 
ducts already defined in S. The following central result (cf. Corollary 2.4) gives 
a partial answer: 
MAIN THEOREM. Each strictly positive cone in a Dynkin algebra is topologi- 
tally global. 
Moreover we will investigate different open embeddings into topological 
semigroups and their functorial relationship. The smallest candidate is certainly 
given by the one-point-extension S” of S together with a topology similar to 
the usual one of the one-point-compactification and the obvious multiplication. 
The associativity and continuity of this operation can be derived from the fact 
that S allows the characterization as a full reachable set and some rather techni- 
cal estimations involving a standard norm on L (cf. 2.2 and 2.3). 
Once this goal has been achieved it is a matter of straightforward diagram 
chasing to obtain the result (Theorem 2.6) that S can be openly embedded into 
the relatively free topological semigroup R,S over S which is characterized by 
the property that for each continuous partial homomorphism f: S---t T into 
some global topological semigroup T there exists a uniquely determined con- 
tinuous homomorphism 7: R, S + T such that the following diagram commutes: 
rls 
S- R,S 
In other words R,S is the maximal solution of the topological embedding 
problem. 
The concept of a conal curve gives us - at least in the case of a finite- 
dimensional Lie group G and a pointed cone CCL(G) - the tool for the con- 
struction of a third embedding. A continuous and piecewise smooth curve 
a: [a, b] --r G is a C-conal curve if 
a’(t) Ed&,,(l)(C) for all t e [a, b), 
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where o’(t) denotes the right derivative of 01 and /2,: G + G, y - xy, the left 
translation by some element XE G. We will say that x=cr(a) and y=a(b) are 
joined by the conal curve (Y and express this fact symbolically by 
(9) x?y or x<~Y 
whenever V is an open subset of G with im(a) c V, We refer to the relation <” 
as the conal quasi-order on V. The symbol 1,x denotes the upper end with 
respect o < y generated by the element x E I’, sometimes called the forward set 
or the future ofx (cf. [13], [20]). In particular the following equation holds by 
definition for each open l-neighborhood U in G: 
The Fundamental Theorem of finite-dimensional Lie wedges (cf. [8, 5.71 and 
[13, 8.31) implies that there exist arbitrarily small l-neighborhoods U in G such 
that S = Tci 1 is a local semigroup with tangent cone C= L(S). The guiding idea 
for the topological embedding can be characterized as follows: The set JV= 
Jv(C, G) of all C-conal curves starting at 1 in G is a semigroup with respect o 
the operation of concatenation and it can be endowed with the compact-open 
topology. One should introduce a congruence BU on JV such that all conal 
curves which stay within a given l-neighborhood U and have a common 
endpoint x E U are identified. Finally, the local semigroup S = I,1 should be 
embedded into the quotient semigroup J/B, as an open subset. Hence the 
topological embedding problem would also be solved by this construction. 
This program will be developed in sections 3 and 4, but it will be necessary 
to modify the procedure at several steps. It turns out that one has to enlarge 
the class Jy of admissible curves and to choose a suitable parametrization in 
order to guarantee the continuity of concatenation. We will also derive some 
convenient opological properties of JV like local compactness and o-compact- 
ness (Theorem 3.5). Furthermore, one has to consider the closed congruence 
K~ generated by 13”. The internal description of K~ by means of a transfinite 
induction process given in [12, A.2.171 proves to be useful in this context. The 
proof of the Fundamental Theorem as presented in [13] uses order theoretical 
properties of the conal quasi-order, in particular the order convexity, the anti- 
symmetry and their infinitesimal characterizations by means of escape condi- 
tions for conal curves. These methods also provide convenient tools in the 
global setting and enable us to prove that t,l can be openly embedded into 
the topological semigroup J/K” (Theorem 4.2). Some categorical properties 
of this construction are discussed in 4.3-4.7. 
The congruence &, mentioned above is built analoguously to the concept of 
a “connecting homotopy” which has been used for the characterization of 
enlargeable local groups (cf. [5]). Smith [21], van Est and Korthagen [4]-[6], 
Swierczkowski [22], [23] and others have established acohomological theory of 
enlargeability of local groups. It is an open question whether this approach can 
be transferred to the semigroup situation. 
It is also desirable to obtain similar results in the case of Lie wedges with non- 
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trivial edge. However, the methods presented in this paper are not applicable 
in this general context since they rely on the associativity of the operation on 
the one-point-extension (section 2) and the existence of arbitrarily small escape 
neighborhoods (sections 3 and 4). 
2. ONE-POINT-EXTENSIONS AND FREE CONSTRUCTIONS 
The category PSgrp (resp. TPSgrp) of (topological) partial semigroups is 
given by the following data: Each object consists of a set (Hausdorff space) S, 
a subset dam(m) of S x S and a (continuous) map m: dam(m) + S (notation: 
m(x, y) = xy) such that the implication 
(x,_Y), (Y, z), (XY, z), CT YZ) E dam(m) = (XY)Z = NYZ) 
is valid. We will denote these objects by S, (S, m), (S,m,), (S,dom(m,)) or 
(S, dam(m), m), respectively. A morphism f: S -+ T between (topological) par- 
tial semigroups is a (continuous) partial homomorphism, i.e. it satisfies the 
condition 
(fxf )(dom(md c domh-) and 
f W = f Wf Cd for all (xv Y) E dom(md. 
The category PSgrp (resp. TPSgrp) is complete (cf. [l, 4.2.51 and [3, 6.11) and 
it contains the category Sgrp (resp. TSgrp) of all (topological) semigroups as 
a full and isomorphism-closed subcategory which is strongly closed under the 
formation of products and equalizers (cf. [7, 37.21). Henceforth there exist left 
adjoints 
(10) R,: PSgrp + Sgrp and R,: TPSgrp + TSgrp 
to the embedding functors. For any (topological) partial semigroup S the object 
R,S (resp. R,S) is called the relatively free (topological) semigroup over S. 
The unit of these adjunctions is not always injective, for instance at the example 
given by Lyapin [ 16, 3.61. One should notice that we consider the empty set 0 
as a semigroup. This is the only difference to the approach taken in [3]. A sub- 
set Z of a partial semigroup S is a partial ideal provided the implications 
((s, x) E dam(m) * sx E I) and ((x, s) E dam(m) * xs E I) 
hold for all SE S and xsZ. A partial congruence is defined analoguously and 
it turns out that PSgrp is also cocomplete [l]. In the topological case the con- 
struction of quotient objects is much more problematic even for global semi- 
groups and closed congruences. We refer to the papers of Lawson and Madison 
[14], [15] and [17] for a thorough treatment of this question and we will utilize 
their results on &,-spaces within the context of local semigroups in finite- 
dimensional Lie groups. 
Let (S, m) be a partial semigroup and m an element which is not contained 
in S. The one-point-extension of S consists of the set S” = SU {m} and a 
binary operation mm on S” with m-(x, y) = m(x, y) if (x, y) E dam(m) and 
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m”(x, y) = 00 otherwise. We shall also use the notation x 0 y = m”(x, y). The 
proof of the next lemma is straightforward and therefore omitted: 
LEMMA 2.1. Suppose (T, m) is a partial semigroup, S c T and 
(x, y), (y, z), (xy, z), (x, yz) E dam(m) for all x, y, z E S. 
If S is equipped with dom(ms) = (S x S) tl m-‘(S) and the restriction of m to 
dom(ms), then the following conditions are equivalent: 
(4 S m is a semigroup. 
(b) X~ZES * xy,yzeS for aNx,y,zES. 
Note that in paragraph (b) there is no problem with brackets in the product 
xyz because of the hypothesis made on the subset S of the partial semigroup 
T. One observes immediately that the one-point-extension of the subset S= 
[-1, l] x [0, l] of (lR2, +) does not have an associative multiplication. 
Let L be a Dynkin algebra. Then there exists a norm 11 . /I on L compatible 
with the topology such that the inequality 11 [x, y] I/ I //XII . II yll is valid for all ele- 
ments x, y of L. Any such norm is called standard norm and we will always 
assume without further announcement that a given Dynkin algebra is equipped 
with a standard norm. 
If B is a BCH-neighborhood in L and A is a subset of B, then the local semi- 
group with respect o B generated by A fl B is designated by the symbol (A),. 
It allows an internal description as the union of the inductively defined chain 
of subsets (A(“))nEN with 
A(O) = A n B and A(“+l) = (A(“) *A(“)) n B. 
It is the goal of the subsequent considerations to present an alternate descrip- 
tion of the local semigroup generated by a strictly positive cone C in L with 
respect o some suitable BCH-neighborhood B C_ L. Pick 6 2 0. An element x of 
L belongs to the reachability set (with respect o B) Reachc(G, B) if and only 
if there exist ui, . . . , u, E C fl B such that the conditions 
(11) u1*.*.*ujEB for alljln, 
are satisfied. We will also use the abbreviations 
Reachc(<G, B) = IJ Reach&, B) and 
Or&<6 
Reach,(B) = U Reach&&, B). 
0<6 
A positive number 6 >0 is called C-admissible for B provided the n-fold 
product x1 * .a* *xn is defined and belongs to B whenever x1, . . . ,x, E C and 
CIZl ljxill <6. In this case the reachability set with respect to B is given by 
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If 6 is also C-admissible for another BCH-neighborhood B’, then the two 
reachability sets coincide and we simply write Reach,(<G). This set is called 
the full reachability set and it is defined for all 6 small enough [9, IV. 3.131. The 
following result provides a local semigroup version of Lie’s Third Fundamental 
Theorem: 
THEOREM 2.2. (The Cone Theorem) [9, IV.4.121. Suppose C is a strictly posi- 
tive cone in a Dynkin algebra L. There exists a C-additive norm II . I/, a strictly 
C-positive functional (o on L and a positive number 6 I & such that for all 
positive numbers E < 4.5 I 6 the O-neighborhood 
U(E) = {XEL ) IIxI/ <4& and Ip( <E} 
contains a local semigroup S, = (C)o,,, with tangent cone C = L(S,). Moreover, 
the local semigroup S, admits the following descriptions by means of full 
reachable sets: 
S, = Reach,(<2&) n U(E) = Reach&cd) n ql((-e, E)). 
Given a strictly positive cone C it is also possible with the help of the Cone 
Theorem to derive the associativity of the multiplication on the one-point- 
extension S” of suitable local semigroups S with tangent cone C= L(S). An 
analogue of the topology of the one-point-compactification yields the structure 
of a topological semigroup on S” and therefore solves the problem of topo- 
logical globality for strictly positive cones: 
THEOREM 2.3. (cf. [9, IV.4.15 and Ex. IV.4.11). Suppose C is a strictly posi- 
tive cone in a Dynkin algebra L. There exists a strictly C-positive functional v, 
on L and a real number 6 > 0 such that for all positive numbers E < 6~ 5 6 the 
local semigroup SE satisfies the following conditions: 
(4 
(b) 
cc> 
The one-point-extension (S,“, 0) is a semigroup. 
The subset ZY = S, n p-‘([ y, E)) is a partial ideal in S, for every O< y < E and 
Z,” =ZyU {m) is an ideal in SEm. 
The following rules 
(i) U c S, open in S, * U open in S,“, 
(ii) {I,” 1 0< y<&} is a neighborhood basis of w in SEm, 
define a Hausdorff topology ?’ on SEW such that ((S,“, rm), 0) is a topo- 
logical semigroup and the inclusion map I,: S, 6 SEW is an open embedding 
with dense image. 
PROOF. Choose the norm I/ . 11, the functional cp and 6’>0 according to the 
Cone Theorem and let E < 6.5 I 6 = 3s’. The local semigroup S, is contained in 
some BCH-neighborhood B, where all products of any two or three elements 
are defined. Henceforth Lemma (2.1) is applicable and it remains to show that 
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(13) X*y*ZES, * x*y, y*zES, 
for all x, Y, z E S,. Let x, y, z, x * y * z E S, = Reach,(<2&) (7 U(E) and {xi, . . . ,x,,,}, 
{Y 1, *..,Y,>, {Zl, a**, z,.} be subsets of C with 
x=x1*“‘*x,, Y =y,*****y,, z = z, * ... *zr 
and llxi + ..a +x,11, I/Y, + .a. +ynll, lIzI + a.0 + z,ll < 2~. Since the norm is C-addi- 
tive, the following inequality 
11; x;+i yi+ i zkII <6e5d 
r=l J=I k=l 
is valid and therefore ~(x*y),c~(y*z)<~(x*y*z)<c by virtue of [9, IV.4.14(i)]. 
This implies x*y, y *z E Reach&cd) n ~)-~(-a, a) = S, and the proof of (a) is 
complete. 
Suppose x, y E S, and x*y E S,\Z,. The estimate of [9, IV.4.14(i)] implies 
p(x), p(y) < 9(x * y) < y, henceforth x, y $ Zy. Therefore Zy is a partial ideal and 
Z,” is an ideal of SEW. 
The only nontrivial assertion of (c) is the continuity of the multiplication 
moo at any point of ({~}xS,“)U(S,“x{w}). Let O<y<e and m=lim,,,x, 
and y= lim,,, yn for some y E Scm and sequences (x,), (y,) in SEm. According 
to the definition of the topology rm the elements x,, belong to Zy, eventually. 
Since Z,” is an ideal in SE?‘, we have x, @ y, E ZyO and y,, @ x, E Zym, eventually. 
This proves the assertion. n 
COROLLARY 2.4. Each strictly positive cone in a Dynkin algebra is topologi- 
caily global. 
As an immediate consequence of this result each pointed cone within a finite- 
dimensional Lie algebra is topologically global, in particular the cones of the 
following example which are not analytically global. 
EXAMPLE 2.5. Let H be the 3-dimensional Heisenberg group of real upper 
triangular (3 x 3)-matrices with diagonal entries equal to 1. Its Lie algebra L(H) 
consists of all (3 x3)-matrices of the form 
0 x z 
[x,y,zl = i 0 0 y I *
0 0 0 
The BCH-Multiplication on L(H) is given by the equation 
[xi,Y,,zll*[x2,Y2rZ21 = [xl+x2,YI+Y2~Z1+Z2+f(x1Y2-x2YI)1. 
Let a = [ 1, 0, 01, b = [0, l,O] and c = [0, 0, 11. The center of L(H) coincides with 
IRc and every pointed cone Cc L(H) which has central points in its interior fails 
to be analytically global [S]. W 
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The one-point-extension may be considered as a minimal solution of the 
problem of topological globality. The universal property of the relatively free 
topological semigroup implies the existence of a maximal solution: 
THEOREM 2.6. Let C be a strictly positive nontrivial cone within a Dynkin 
algebra D and U a O-neighborhood in D. There exists a local semigroup (S, B) 
with B r CJ such that the following conditions are satisfied: 
(a) (C,D)=US,B). 
(b) The natural morphism ns: S -+ R,S into the relatively free topological 
semigroup over S is an open embedding. 
(c) The subset R,S \ ns(S) is a closed ideal in R,S. 
(d) The element ~~(0) is the only invertible element of R,(S). 
PROOF. Choose the local semigroup (S, B) = (S, U(E)) according to (2.2) with 
B G U. Obviously (C, D) = L(S, B) and the following diagram commutes: 
rl.5 
S- R,S 
Thus vs: S+ R,S is open and injective. Let J= ~&‘({m}). The one-point- 
extension S” is generated by S and therefore K, is surjective. This implies that 
the closed ideal J coincides with R,S \qs(S). It remains to prove that for each 
x E S \ { 0} the element y = qs(x) does not belong to the set H(R,S) of invertible 
elements in R,(S). Assume YEH(R[S). Then ~“EH(R,S) for all nE N, but 
the sequence (y”) is eventually constant and equal to the point 00 E J. This 
yields a contradiction to J tl H(R,S) = 0. W 
The examples of the pointed cones in the Heisenberg algebra which are not 
analytically global demonstrate that the relatively free topological semigroup 
cannot always be embedded into a Lie group. 
3. SEMIGROUPSOFCONALCURVES 
For the sake of convenience let us choose a parametrization of curves into 
any Lie group G such that all curves under consideration belong to the same 
space of mappings. More specifically, a continuous function y: IR+ + G will be 
called eventually constant provided there exists a parameter Tz 0 with y(t) = 
y(T) for all t?T. In this case we employ the notations 
TY=inf{T~RtI(Vt2T) y(t)=y(T)} 
L(Y) = t0, T,l, 7 = ?J IL(y)’ 
begin(y) = y(O) and end(y) = y(T,). 
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The set Q(G) of all eventually constant curves is a subset of Top(R+, G) and 
it will always be endowed with the compact-open topology. The subset 
(15) E,(G) = {YE&(G) 1 begin(y)=l) 
gives rise to a semigroup if it is endowed with the operation of concatenation 
b: &r(G) x&r(G) + 8,(G) which is defined by 
(16) 
Y(f) 
yb&t) = 
if tsT,, 
end(y) d(t - T,) otherwise, 
for all Y,~EE~(G). Par abus de langage we will refer to the resulting semi- 
group by the symbol E,(G). Let &be a subsemigroup of E,(G) and Van open 
subset of G. Analoguously to the case of conal curves we write 
(17) x?Y or x<<Y 
if there exists a E& with Y = end(A, 0 a) and im(A, 0 a) c I/. The symbol T,“u 
will be used for the upper end with respect to <$ generated by an element 
u E V. For each open l-neighborhood U c G let us introduce the abbreviation 
d(U)= {a~d 1 im(a) c cl}. Let C be a cone in L(G). A subsemigroup d of 
&r(G) is admissible for C if 
(18) cl,(ffo) = cl,(t,, u) for all open Vc G and u E I’, 
where Tr, u is the upper end generated by u with respect to the conal order <” 
on V. 
An element a of F,(G) is a locally weak conal curve if a(t) E cl,,(t, a(s)) for 
all O<s< t and all open subsets V of G with a([s, t]) c V. Suppose the right 
derivative a’(t) of a at te IR+ exists. Then a’(t) Ed&,, (cf. [19, 1.91). If 
d is an admissible semigroup and Van open subset of G, then the quasi-order 
<;” is contained in the closure cV of the conal order < ,, on V which is 
characterized by the equivalence 
(19) x =VY * YE cl&x) 
for all x, y E V [ 13, 7.21. Therefore the admissible class of all locally weak conal 
curves is a closed subsemigroup of &r(G). 
In the sequel we discuss an infinitesimal version of the concept of order con- 
vexity: Suppose ,_& is an admissible semigroup for some pointed cone CC L(G) 
and NC U are open l-neighborhoods. N is called d-escape neighborhood of 1 
with respect o U if the implication 
(20) aEd and end(a = im(a)cN 
is valid. If d is the admissible semigroup of all conal curves, we simply say that 
N is an escape neighborhood with respect to CT. In the finite-dimensional case 
the existence of arbitrarily small escape neighborhoods has been characterized 
by Lawson with the help of order theoretical properties, in particular the anti- 
symmetry and the local order convexity of the conal order [13, 5.31, [24, 3.1.131. 
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PROPOSITION 3.1. Let G be a finite-dimensional Lie group, CCL(G) a 
pointed cone, &an admissible semigroup for C and U an open l-neighborhood 
in G. Then there exists an open l-neighborhood II, c U and an d-escape 
neighborhood N of 1 with respect o U, such that N2 c U, holds and (r,“l, N) 
is a local semigroup with tangent cone C= L(f$l). 
PROOF. The existence of U, and N is a consequence of [ 13,5.3 and 7.21 
(cf. also the Escape Theorem [9, VI.3.31). The condition (20) immediately im- 
plies that f$l is a local semigroup with respect to N, H 
In order to establish convenient topological properties of admissible sub- 
semigroups d of &i(G), e.g. the continuity of the multiplication I, or the 
property of being locally compact and a-compact, it is desirable to select those 
curves which are parametrized by a suitable arc-length. The Arzela-Ascoli- 
Theorem will give the relative compactness of the sets B(T) = {a E.& 1 l(a) I T} 
with TLO. But the parametrization by the arc-length lg induced by some left 
invariant Riemannian metric g on G does not yield in general that the sets of 
the form B(T) are closed in E,(G) as the subsequent example reveals: 
EXAMPLE 3.2. Let G= IR2 equipped with the Euclidean metric e and C= 
{(~)~~~~x~l~l]. F or each n E N define a C-conal curve yn: IR+ -+ G by 
means of y,(t) = (min{ t, l}, a,(t)) and 
I 
t-k 
n’ 
Bk<n with i<t<i+& 
a,(t) = k+l kfl-t, Zk<n with i+&<tcT 
n 
I 0, otherwise. 
Then l,( Y,J = ~6 and the sequence (y,) converges within G,(G) to the conal 
curve y: IT?+ -+ G, t - (min(t, l}, 0). 
YI A 
Y 
Implementing the transformation of parameters given by U(S) =s/fl one 
obtains that r, = yn 0 u is parametrized by the arc-length I,, but the limit 7 = 
you is not parametrized in this fashion. W 
Let G be a finite-dimensional Lie group and CCL(G) a pointed cone. Any 
strictly C-positive functional 9: L(G) -+ lR obviously induces a strictly C-positive 
left invariant l-form o, i.e. (o(x),X)>O for all xeG and O#XEdA,(l)(C). 
An absolutely continuous curve a E&,(G) is called w-normalized C-conal 
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curve if and only if the restriction d: Z(a) -+ G is a locally weak C-conal curve 
which is parametrized by the o-arc-length, i.e. 
t = ZJa ],0,,1) = i <o(a(t)),a’(t)> dt for all t 5 T,. 
0 
The set of all o-normalized C-conal curves is denoted by Jv,(C, G) and as a 
subspace of 8’,(G) it is always equipped with the compact-open topology. For 
each open l-neighborhood U in G we employ the notation 
(21) NJC, U) = (~EJY,(C,G) ) im(cr)c U>. 
Obviously Jv,(C, G) is an admissible subsemigroup of &Y’,(G) and for each (Y in 
Jv,(C, G) the mapping 
(22) 1”: I?+ + IR, t y l& /(,,J = min{t, T,I, 
is strictly monotone on Z(a) = [0, T,]. 
LEMMA 3.3. Let G be a finite-dimensional Lie group, CCL(G) a pointed 
cone and o a left invariant strictly C-positive l-form on G. Then there exists 
a complete and left invariant Riemannian metric g on G with associated is- 
tance function d such that the following assertions are valid: 
(a) There exist cl,c2>0 such that for all a EJY,(C, G) the inequalities 
c, l,(a) I lw(a) I c21s(a) are satisfied. 
(b) For each a E Jv,(C, G) and s, t E I?+: d(a(s), o(t)) 5 c;’ 1s - t 1. 
(c) For each E> 0 there exists an open l-neighborhood U, c G with 
a ENU(C, U,) * l&X) < E. 
The proof of this lemma is similar to the calculations in [19, I.141 and there- 
fore omitted. It is also contained in [24, 3.3.71. 
PROPOSITION 3.4. Let G be a finite-dimensional Lie group, CCL(G) a 
pointed cone and CL) a left invariant strictly C-positive I-form on G. 
(a) The subset B(T) = {a E Jv,(C, G) 1 l,(a) I T} is compact for each Tz 0 and 
its complement JVJC, G)\B(T) is an ideal in (Jv,(C, G), I). 
(b) The following maps are continuous homomorphisms: 
1, : Jv,(C, G) -+ IR+, CY w l&z), 
end : JQC,G)-+G, (Y - end(a). 
PROOF. Let 0~ ts T. According to (3.3)(b) the set B(T) is equicontinuous 
and the set {a(t) ) aE B(T)} is contained in the closed ball of radius c;‘T, 
i.e. B(T) is relatively compact. It is an immediate consequence of (22) that 
B(T) is an ideal. 
The next step consists of the proof that B(T) is closed and 1, is continuous. 
Let (a,,) be some sequence in B(T) which converges to an element aE 
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Top(lR’, G). From (3.3)(b) we derive that the curves an satisfy a Lipschitz con- 
dition. Therefore the limit a is absolutely continuous and obviously it is also 
eventually constant. The equivalence (19) implies that a is a locally weak conal 
curve. In order to prove 
(23) a E B(T) and Iw(a,) + I,(a) 
it remains to demonstrate that a: I(a) + G is parametrized by the w-arc-length. 
Let 0~ s< TV T,. Without loss of generality we assume that I,V: U+ R” is a 
chart with a([~, t]) c U and u/(a(s)) = 0. Define 
P = WOa I,S,f, and P, = ~0% IIs,tl. 
and let 6 = (w-‘)*w be the pullback form of o on w(U) which is determined 
by the equation 
(o(x),X) = (ti(~(x)),d~(x)X) (XE U, XET,U). 
As a consequence of (3.3)(b) the curves /3,, satisfy a Lipschitz condition with 
respect to some uniform constant. Thus the sequence (/?A) in L”([s, t], IV’) is 
bounded. The theorem of Alaoglu implies that there exists a w*-convergent 
subsequence (pi) with w*-limit y. For each XE [s, t] the equations 
are valid, i.e. /3’=r. By virtue of & -!% y =p’ and the uniform continuity of 
(3 on some compact neighborhood of im(P) one can derive the equations 
= lim i QXP(6), P:(T)> dr = lim s <~(P,(r)), Pi(r)> dr 
Y-m s Y-cc s 
=limI,(a,~IS,,l)= Is-tl. 
Y-m 
Henceforth, the curve d is parametrized by 1, which completes the proof 
of (23). 
Moreover, the sequence (a,) converges to a with respect o the topology of 
continuous convergence on Jy,(C, G). With the help of (23) we derive 
end@,) = a,&,@,)) -+ N,(a)) = end(a), 
i.e. the map end: JJC, G) --t G is continuous. Obviously I,: Jv,(C, G) -+ R+ 
as well as end: Jv,(C, G) + G are morphisms of semigroups. n 
THEOREM 3.5. Let G be a finite-dimensional Lie group, CC L(G) a pointed 
cone and o a left invariant strictly C-positive l-form on G. Then (N,(C, G), b) 
is a topological semigroup on a locally compact and a-compact space. 
PROOF. Let an + a and /3, + p in Jv,(C, G). Proposition (3.4) implies 
127 
(24) Mo,) + Uo) and M%) -+ MD). 
Firstly we are going to prove that (cr, b&J converges pointwise to alp. Let us 
consider the case t <l@(a). According to (24) we have t 5 Iw(a,,), eventually, 
and this implies (Y,, b&(t) = a,(t) -+ a(t) = a b/l(t). If t > I,(a), then t 2 fw(a,), 
eventually, and 
a,, IM) = end@,) P(t - Mo,)) -+ end(o) P(t - l,(o)) = al/W) 
since (a,) and (/3,J converge continuously and the multiplication of G is con- 
tinuous. If t=&,,(a), the same arguments apply to the subsequences (a,) and 
(cr,) which are characterized by the properties t I Iw(a,) and t > l,(a,). Hence 
the convergence relations 
a, I /3,(t) + end(o) and c1/1 I, P,(t) + end(a) 
are valid and the relation end(a) = o~,P(t) implies that (a, b/3,) converges 
pointwise to (r I, /I. 
The elements o,bP, are contained in some equicontinuous et B(T). There- 
fore the curve (Y b/3 is the limit of (a, b&J with respect to the compact-open 
topology. 
Obviously the equation Jv,(C, G) = U {B(n) 1 n E N} is valid. The proof of 
the theorem will be complete if for each element Q EJY,(C, G) the set B(T, + 1) 
is a neighborhood of CX. 
Let O<E < 1, choose a l-neighborhood U, c G according to (3.3)(c) and a 
symmetric l-neighborhood I/c G with V2c U, and set J= [T,, m+ l] and 
M= { /3 E Jv,(C, G) I/3(J) c end(a) I’}. The set A4 is open and for each /I EM 
there exist uI, u2e I/ with p(Ta)ul =end(a)=P(T,+ 1)02, i.e. 
From (3.3)(c) we derive l,(p IJ)<e< 1. Since /I is an o-normalized conal 
curve, the inequality f&3) < T,+ 1 is valid. Therefore MC B(T, + 1) and the 
proof is complete. n 
COROLLARY 3.6. Let G be a finite-dimensional Lie group, CC L(G) a pointed 
cone and OJ a feft invariant strictly C-positive l-form on G. Then the one-point- 
extension of the topological semigroup (Jv,(C, G ), b) is a compact topological 
semigroup. 
PROOF. Let the one-point-extension S” of S= (Jy,(C, G), 1) be equipped with 
the topology of the one-point compactification. For each n E N the complement 
of the compact subset B(n) is an ideal in S (cf. (3.4)). This implies that the 
multiplication mm is a continuous operation. n 
PROPOSITION 3.7. Let G be a finite-dimensional Lie group, CC L(G) a pointed 
cone and qrco2 left invariant strictly C-positive I-forms on G. Then there 
exists an isomorphism 
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42: (Jv,,(C,G),b)~(JY,,(C,G),b) 
of topological semigroups. 
The technical proof of this proposition is similar to the one of (3.3) and can 
be found in [24, 3.3.121. 
4. EMBEDDINGS INTO CONAL PATH SEMIGROUPS 
The local semigroups of the form S= $,, 1 play a crucial role within the 
Fundamental Theorem of finite-dimensional Lie wedges (cf. [8]-[ 111, [ 131) and 
they will also be used at the subsequent constructions of global topological 
semigroups. Let G be a finite-dimensional Lie group, CC L(G) a pointed cone, 
o a strictly C-positive left invariant 1 -form on G and U c G an open l-neigh- 
borhood. If kl/ denotes the kernel of the restriction of the endpoint map 
end: &,(C, G) -+ G to JQC, U), i.e. 
(25) kli = {(a, P) eJV,(C, U) 1 end(a) =enW)), 
then the partial semigroups r{l and J$,(C, U)/k, are isomorphic in PSgrp, 
where the product of a, /? E Jv,(C, U) is defined and equal to a I, p if and only 
if im(a I p) c U. The relation k, may also be considered as a binary relation 
on the topological semigroup JQC,G). Let K~ be the closed congruence 
generated by ku and call any two elements a,/3 in Jv,(C, G) with a~~/? 
absolutely U-homotopic. Moreover, the quotient semigroup 
W-9 (pw,(C, G), b) = (4(c’ G)‘L) 
KU 
is called the corral path semigroup with respect o C and U. Since #,(C, G) is 
locally compact and a-compact, the conal path semigroup is a topological semi- 
group on a km-space. It is a matter of straightforward verification to show that 
the structure of conal path semigroups does not depend on the choice of o. 
More precisely, if o, and o2 are strictly C-positive left invariant l-forms on G, 
the isomorphism h,,,: Jv,,(C, G) + J$,,(C, G) of (3.7) induces an isomorphism 
h,.2: P;‘(C, G) + P?(C, G) 
of topological semigroups. If no confusion is likely, we will also write P,(C, G) 
for the conal path semigroup. 
The transition from the binary relation ku to the closed congruence K~ will 
be discussed in the next paragraphs. As a first intermediate step let us introduce 
the relation R, on Jv,(C, G) which is defined as follows: aRuB if and only if 
there exist $/?EJZ/,(C, U) and ~,~EJV,(C,G) with 
(27) (r = yl,&1,6, p= ytjjbs and end(&) = end(j). 
In this case a and p are said to be elementarily U-homotopic. Secondly the 
transitive hull &, of the relation R, is called the U-homotopy relation and it 
coincides with the congruence generated by ku. The U-homotopy is an 
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analogue of the “connecting homotopy” which has been used for the Malcev 
Theorems on the embedding of local groups into global ones (cf. [5] with 
further references). 
The transition from the congruence 13~ to the closed congruence K~ is the 
third step in the whole process. The internal description of the closed con- 
gruence generated by an arbitrary relation R on a topological semigroup S by 
means of transfinite induction as presented in [12, A.2.171 is also applicable in 
our context. For the sake of easy reference we include the relevant notations 
and results: Let e(R) be the equivalence generated by R on the set S. Define 
the relations R, inductively by means of 
(28) R, = R 
(29) R,+, = e(R,) if v ordinal, 
(30) R, = U R, if p limit ordinal, 
v<ll 
Then there exists an ordinal number I such that the closed congruence K(R) 
generated by R is given by 
(31) K(R) = R, = R,,,,. 
This construction will be applied to the elementary U-homotopy relation R, 
several times. 
PROPOSITION 4.1. Let G be a finite-dimensional Lie group, CCL(G) a 
pointed cone, o a left invariant strictly C-positive l-form on G and U an open 
l-neighborhood in G. Then the endpoint map end: Jv,(C, G)-+ G factors 
through the quotient morphism K u: Jv,(C, G) + Pg(C, G), i.e. the assignments 
uu: PE(C, G) + G, a - end(a) with a = no(a), 
define a morphism of topological semigroups. 
PROOF. Let Jv=Jv,(C, G), R = R, denote the relation of elementary U-homo- 
tOpy and K=K~ of absolute U-homotopy. According to (31) there exists an 
ordinal A with K = R, = RA + , . We want to prove the implication 
(32) CXKP * end(a) = end(P) for all a, PEN 
with transfinite induction. In the case v = 0 we have R, = RO = R and for all 
(r, p E JV which are elementarily U-homotopic the equation end(o) = end(p) 
holds by definition. Let v be any ordinal and suppose the implication 
(32) a&P * end(a) = end(P) for all a;p~Jy 
is valid. If the relation aR,+l /I is satisfied for a, PEN, then there exist 
sequences (a,), (&) in JV with 
(34) a = lima,, /I = limp, and a,e(R,)p,, for all n E N . 
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The hypothesis of induction yields that the transitive hull e(R,) of R, also 
satisfies 
oe(R,) r * end(o) = end(r) for all (3, TEJL: 
Therefore end(a,,) =end(&,) for all no IN and the continuity of the map 
end: Jv,(C, G) -+ G guarantees end(a) = end(P). 
If p is a limit ordinal and the implication (33) is valid for all v<p, then one 
applies the same arguments to the relation R, (cf. 30). n 
THEOREM 4.2. Let G be a finite-dimensional Lie group, CC L(G) a pointed 
cone, w a left invariant strictly C-positive l-form, U, c G an open l-neigh- 
borhood and Jv=Jv,(C, G) the admissible semigroup of o+normalized conal 
curves. Then there exist an open l-neighborhood U, C_ U, and an J-escape 
neighborhood N of 1 with respect o LJ, such that N2 C_ U, and the following 
conditions are satisfied: 
(4 
@I 
Cc) 
(4 
(?,“l, N) is a local Lie semigroup with C= L(f$l). 
Jv,(C,N) is open and generating in J$,(C, G) and the (co-)restriction 
end: Jv,(C,N)+ tcl is a quotient map. 
The (co-)restriction uN. . K~(JV,(C, N)) + T<l is an isomorphism of topo- 
logical partial semigroups. The inverse morphism is given by 
rl 
T,$l + K,v(JY,(C,N)) 
IhI: 
x y K,,+(Q) with 1 4 x, a EJV,(C, N). 
The partial homomorphism I~: ,,, T&l + PE(C, G) is an open embedding and 
its image generates the conal path semigroup. 
The following diagram (35) encodes the situation of (4.2). Diagonal arrows 
always represent inclusions. 
:c, JyW( 
(35) KN 
,G) 
end 
,G 
\ / 
JY,(C,N) - N 
PROOF. Choose E > 0 and a l-neighborhood U, c G according to (3.3)(c). The 
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existence of U, c U, and N with the properties mentioned in (a) is a con- 
sequence of (3.1). Let us introduce the abbreviations 
A’(N) = Jv,(C,N), eN = end IJN(N), S = I$1 and R = RN. 
Prom (3.3)(a) we derive 
(36) Ia < E and end(a) = a(e) for all agJz/(N). 
Concerning (b) let us prove the equation 
(37) J(N) = {~EJY) ~([O,E])CN}. 
The relations a([O, E]) c im(a) c N hold for each a E&‘(N) by definition. Con- 
versely let a E A’ and a([O, E]) c N. Then the o-normalized curve 
c a(t), 05tse a(t) := a(E), &<t<m 
satisfies l&5)<& by virtue of (36). Therefore the mappings d and a are con- 
stant on [1,(6), E], hence im(a) = im(d) c N and a E d(N). We conclude that 
X(N) is a subbasic open set of the compact-open topology on JK 
With the help of (3.3) one may choose a Riemannian metric g with associ- 
ated distance function d and 6 > 0 with {XE G ( d(l,x) <S} c N. If T= a/cl 
(cf. (3.3)(a)), then B(T)cJY(N) and each DE.,+ admits a representation as 
the finite concatenation of elements of B(T), i.e. J(N) generates the semi- 
group A 
Let I/c S and e,‘(V) open in N(N). It must be shown that I/ is open in S. 
Consider x~cls(S \ V) and a sequence (x,) in S \ V with limit point x. Then 
there exists a sequence (a,) within the closed set 
A = A(N)\e;‘(V) 
with x, = end(a,) for all n E R\i. Since a(N) is contained in the compact set 
B(E), there exists a subsequence (a,) and a w-normalized conal curve a EJV 
with a, -+ a. This implies x, = end(a,) + end(a), i.e. x= end(a), and 
im(a)~cl,N~N2~ U,. 
The set N is an &escape neighborhood with respect o U,. Therefore im(a) c 
N, thus cr~A and x-end(a) lend =S\ V. This shows that V is an open 
subset of S and (b) is completely proved. 
Given a, p E A’(N) it has to be shown that they are elementarily N-homotopic 
if and only if end(a)=end(&. If this goal has been achieved, the map zN is 
well defined and it is obviously the inverse of the (co-)restriction of uN to 
KN(JV(N)) and S. Since KN and eN are quotient maps, the map ON as well as 
zN is a homeomorphism. 
Let x, y,xy E S, i.e. there exist a, /3, y E X(N) joining 1 E G with the points x, 
y and xy, respectively. The concatenation a b/l stays within N2 c U, and ter- 
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minates at XY EN. Since N is a &escape neighborhood with respect to U, , one 
can conclude im(abp) c N, i.e. 
Therefore the map IN is an isomorphism in TPSgrp and (c) is proved. 
The image of M(N) with respect to the quotient map KN: J-t Pj$(C, G) 
coincides with IN(S) such that the following equation remains to be shown: 
(38) K,~~~(KN(JYW))) = JVW) 
There exists an ordinal A with KN = R, = RA + 1 and we prove by means of trans- 
finite induction that the set J(N) is saturated with respect to the relation R,. 
Obviously saturation is stable at the transition to the transitive hull of R,. 
Henceforth, it remains to derive the following properties: 
(i) s(N) is saturated with respect to R. 
(ii) If J(N) is saturated with respect to Q,=e(R,) for some ordinal v, then 
it is also saturated with respect to R,+, = Q,. 
(iii) If y(N) is saturated with respect to R, for all v< p, where p is a limit 
ordinal, then it is also saturated with respect to R,= Uy<, R,. 
Consider cl, PEJV with aRP and flex(N). The elementarily N-homotopic 
curves a and p can be represented as the concatenation of curves ti, BE&(N) 
and y, 6 E JV as follows: 
a = yb&bS and j?= YI,/?I,~. 
Since /3 belongs to J(N), the first parts y l,pand y are also elements of J(N), 
i.e. im(y b 6) !Z N2 c U, and end(y b 6) = end@ b/j) EN. The set N is a &escape 
neighborhood with respect to Ui. This implies im(y 16) c N and it is possible 
to derive im(y b CF I, 6) c im(y b 6) U im(y I p”I, 6) c N. This shows that cx = y 1, d I, 6 
belongs to N(N) and (i) is proved. 
Let an-a, P,-/3, a,Q,,& for all no kl and CXR,+,/~EJ~/(N). Since a(N) 
is open in 4 we have /3, EM(N), eventually. The hypothesis of induction im- 
plies a,, E d’(N), eventually, and therefore im(a) c cl,(N) c N2 c U, . The 
equation end(a) = end(P) E N finally gives im(cr) c N, i.e. a E M(N) and the 
proof of (ii) is complete. The proof of (iii) is similar to (ii) and therefore 
omitted. W 
The construction of conal path semigroups also shares functorial properties 
which will be discussed after the presentation of some terminology concerning 
inverse systems of local Lie semigroups. Let (S,,B,) and (S,,B,) be local Lie 
semigroups within a Lie group G. Define 
def 
C&9 4) 5 c32, B2) ‘3 S,cS2 and B,cB2. 
An inverse system of local Lie semigroups within some fixed Lie group G(B) 
is a collection 9’which is downward directed with respect to this relation. The 
inverse system 9” refines Y(notation: 9”r#9’) if and only if for each (S, B) E 8 
there exist (S’, B’) E 9” with (S’, B’) I (S, B). The inverse systems 8 and 9’ are 
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equivalent (9-8’) if they refine each other. The equivalence class of B is 
denoted by [g]. Each inverse system may be interpreted as a diagram over some 
small category induced by a downward directed index set. Suppose Band g(z.7’ 
and Y) are inverse systems over the same index set J (J’). Then the equivalence 
of natural transformations p: Y+ gand q’: 9 --f .Y is defined in the obvious 
way. The symbol [q] will be used for the corresponding classes. 
The category GLocLSgrp of germs of local Lie semigroups is given by the 
following data: The objects are equivalence classes r= [Y] of inverse sys- 
tems of local Lie semigroups within a Lie group G= G(Y) such that for all 
(S,,, II,), (S,,B,) in 8 there exists a l-neighborhood UC G satisfying SO f~ U= 
Sr fl U. The morphisms [s]: [Y] -+ [g] are equivalence classes of natural trans- 
formations. The assignment of tangent objects L(T) = L([8]) = L(S, B) for 
some (S, B) in 9 is well-defined. Similarly, each morphism of germs induces a 
morphism of Lie wedges L([q]): L([8]) + L([.Y]). 
PROPOSITION 4.3. Let G be a finite-dimensional Lie group and CCL(G) a 
pointed cone. 
(4 
(b) 
(cl 
There exists a germ Z= [.!?I of local Lie semigroups in G with C = L(T) and 
each (S, B) E Yadmits an open embedding tg: S -+ PB(C, G) into the conal 
path semigroup PB(C, G). 
If (S,, B,)I (SO, B,) in 9, then there exists a surjective morphism po,,: 
PB,(C, G) + PB,(C, G) such that the family of all open embeddings 
tg: S + PB(C, G) with (S, B) E 9 is a natural transformation between the 
inverse systems 9 and (PB(C, G),~j,k)j~k. 
There exist the inverse limits of topological semigroups 
P,(C, G) = li_m{P,(C, G) 1 X(S, B’) E 9 B= B’} and 
R,(Z) = @W,(S) 1 WV (%B)E~,) 
with limit maps pB: P,(C, G) --t (S, B) and rg: R,(T) --f (S, B). Moreover, 
there exists a morphism I,-: R,(r) --+ P,(C, G) such that pB o G = g o r, holds 
for all (S,B)EY. 
(4 There exists a descending sequence (I,,) of ideals in P,(C, G) with n Z,, = 0. 
The subsequent diagrams illustrate the assertions of (4.3). For the sake of 
brevity we write PB instead of PB(C, G) for all (S, B)E 9’ and P,- instead of 
P,(C, G). 
(S,,&J .i (S,,B,) - ..s 
(39) PO. I pB, - ’ I/ ‘4 
R,(so) ‘Ro R,(W - ... R,(T) 
I 
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R,(S) yy R,(r) 
PROOF. Firstly let us choose a left strictly C-positive l-form o on G. The 
existence of Z= [Y] and the open embeddings lg is an immediate consequence 
of (4.2). If (S,,B,) I (&,B,), then RB, c RB,, and x1 c K~. This implies the exis- 
tence of a surjective morphism 
PO, I : pBI = 
J&CC, G) ~ Jv,(C G) 
= 
K1 Ko 
pBo* 
The assertions of (c) are direct consequences of the completeness of the cate- 
gory TSgrp and general properties of limits. For each (S, B) E 8 and n E N the 
set J,,=KB(JY,(C,G)\B(N)) is an ideal in PB (cf. (3.4)(a)). Therefore I,= 
p;‘( J,) is an ideal in P, and n Z,, = n pi’ (J,) = 0. W 
This result enables us to assign a well-defined object of TSgrp to each pointed 
cone C in a finite-dimensional Lie algebra L: Let G be a simply connected Lie 
group with L=L(d). The topological semigroup of (4.3) 
(41) P(C, L) = P,(C, 6) 
is called the limit conal path semigroup of the cone (C,L). 
The choice of the representative inverse system 9’ of the germ Z obviously 
does not have any influence onto the construction of the limit conal path semi- 
group. The next result shows that the local structure of the simply connected 
Lie group completely determines the structure of the limit conal path semigroup. 
In other words, the choice of G in the preceding definition is not essential. 
PROPOSITION 4.4. Let L be a finite-dimensional Lie algebra, CCL a pointed 
cone, e and G Lie groups with L(G) = L = L(G) and d simply connected. Then 
there exists a BCH-neighborhood B c L such that the conai path semigroups 
Po(C, G) and P&CC) 
are isomorphic, where o= expG(B) and U = exp,(B) are the corresponding 
l-neighborhoods in G and G, respectively. 
PROOF. The uniqueness of lifts with fixed begin at 1 EG implies that the 
covering map p: G + G induces a homeomorphism 8: &i(G) + E,(G), (r - p o a. 
Choose a strictly C-positive left invariant l-form w on G and endow d with 
the pullback form 6. Obviously pi carries Jv,(C,G) onto &,(C, G) and it 
respects the absolute homotopy relations. n 
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EXAMPLE 4.5. Let X be an invariant cone in sl(2) = sl(2, R), i.e. X is one half 
of the standard double cone {Xc sl(2) 1 r(X)10} which is induced by the 
Cartan-Killing-form r. If we choose the basis {H, T, U} with 
then the cone X (or -.X) is determined as the subset of those elements X= 
hH+ tT+xU satisfying im~x. The pointed cone X is global for the 
universal covering group G of S1(2), i.e. (yl, sl(2)) = L(lo 1, G) (cf. [9], [18]). 
There exists a multiplication 0 on sl(2) such that the group G can be identified 
with (s1(2), 0). Let N= RH X RTx (-+s{n)U. Then N is an escape neighbor- 
hood and the map uN: PN(X, G) -+ To1 is an isomorphism of topological semi- 
groups (cf. Theorem (4.2) and Diagram (35)), hence 
To 1= P,(Z G) = PN(Z Sl(2)) 
by virtue of (4.4). The computation of the conal semigroup P,(X, G) relies on 
the explicit calculations of one-parameter-semigroups in G (cf. [9], [18]) and it 
is presented in [24, 3.4.121. W 
PROPOSITION 4.6. Let f: (C,, L,) --f (C2, L2) be a morphism of pointed cones 
in finite-dimensional Lie algebras, Gj simply connected Lie groups with 
L(Gj)=Lj (j=1,2) and3 G1 --t G2 the induced homomorphism with f = L(f). 
(a) There exist germs [q] of local Lie semigroups in Gj (j = 1,2) and a mor- 
phism [rlfl: [q I-+ L-31 with f= U[q-I): U[~l)+UL%l). 
(b) There exist left invariant strictly Cj-positive l-forms Oj on Gj (j = 1,2) and 
a continuous homomorphism 
fSJ:,(C1,G1)~J1/,2(C2,G2), (~++.?oa. 
(c) For each (S,,B~)E‘Y)~ there exists (S,,B,)E.Y, and a con.tinuous homo- 
morphism 
ff2: P&l, G,) --t P&2, G2) 
with fT2 0 Kg, 0 KB~ 0f s/. 
PROOF. Choose a left invariant strictly C,-positive l-form w2 on G2 and let 
wI be the pullback form on Gi. The germs Yj (j= 1,2) are determined accor- 
ding to (4.3). They will be indexed by a l-neighborhood filter W2 in G2 such 
that for each B2 E W2 there exists a l-neighborhood B1 c G1 with J(B,) c B2 and 
the local Lie semigroup (St, B,) E YI satisfies S, = IBy and therefore f(S,) c 
S2 = lBs(l. The natural transformation ylf is given by the (co-)restriction off to 
B, and B2. The continuous homomorphism f Jy is induced by Top( R’,f) and 
it obviously preserves the absolute homotopy relations, i.e. the morphism fc2 
is well defined. n 
COROLLARY 4.7. The assignments of objects (C, L) - P(C, L) induces a functor 
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P: FLieCone -+ TSgrp, (CL) ++ P(C,L), f- P(f), 
such that under the hypotheses and notations of (4.3) and (4.6) the following 
diagram commutes: 
KBl 
&,G G,) - P&I, G,) b WC,, 4) 
i 
P(f) 
J&W29 ‘32) yy+ P,(C2, G2) ‘pe WC29 L2) 
1 1 
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